
Tutorial 1.21

Recall that given a function f- on [→ , at

the Fourier series of f is defined by
f- ~EFcme"

✗

A-is

where Ém=¥ fine
-"' dy

.

Verify ÉÉmÉ" " = a. tÉ(ancosnxtbnsinnx)

where a. = ¥ ) tcysdy

an :&) tiykosnydy
h ? I

bn=¥Éty , imnydy
'

Pf : clearly ,
¥01 =ao

When N71
,



'

tink ¥1 toy, e-
"'dy

= ¥ fly ) (cosmy - is'mny , dy

= I can - ibn )

Fi- a) = It taste
"'

dy

= It, ¥491 (cosnytis.my/dy--Ilantibn)
Thus

, Fay 1- few = an
Fim - fi- at = - ibn .

É.fm, e-
"
= a. + Epitome "✗+ fen , e-in×)
= a. + £1K EH + ÉI- a) cosnx )

1- (Fini -
'

f' c- a) is

.mn/if--aotE,Eancosnxttibn1isinnxI--aotE?(ancosnx-
bnsinnx )

☐



Define f :[- That → IR by

fax, :|
-É - ¥

,
¥ - TIE ✗ < o

,

0
,
if ✗ = O

É - É ,

it ☐ < ✗ IT
.

-I
"

we will compute the Fourier series off and

discuss its convergence property .

By Qi
, f~a.tn?EKncosnxtbnimnx)

Note that f is an
odd function

.

Then a. = # [fcyidy = 0
When N71

,
an = ⇐ fykosnydy :O



fly , is oddb. = ¥ tests'mnYdY ( sung is odd
=É[

"

fcyiimnydy ⇒tyis-mnyiseve.ir/=--1EIsinnydy=I--fjtn-yisinnydy
integral by part ? [⇐-g) ftncosnyt /

jj-fj-t-ncosnyidyf-I-lo-i-E.tt/:cosnydyI=!---En--n.sinnu
;]

= ¥ • In = tn
.

Hence
,

the Fourier series of f- is £1 5m¥
.

Then
,

we will discuss the convergence property

of Éim÷
.



Q : Does ÉÉm¥ converge pointwisely on ET
, -111 .

A : Yes !

Proof : When × :O
,

it is trivial .

When ✗ EET , It \ to / ,

£.im# us the imaginary part of the

complex series IÉe¥
.

It suffices to show É is convergent

when ✗ C-[Till \o/
,

(Dirichlet's Test)

If Ian) is a sequence of real numbers and

then } is a sequence of complex
numbers

certifying
• Ian } is monotonic

• I'm an = 0
was

.IE?tm/ EM for every NEW .



Then Éoanbn is convergent

Fix ✗ C- f- IT , III \o/

Let an -_ In and bn=e
"

I 'Éo4=iÉ÷H¥Ék÷x
By Dirichlet's Test , £. converges for any

✗ C- [-7,711 }°| .

Thus É,5m[- converges for any ✗c- [⇒ ⇒
.

Rmk : Using Dirichlet 's Test , you can show

its so
,
nÉim¥_ converges uniformly on

E-I
,

-S] UE8 , -111 .

& :
Does ÉsmI- converge uniformly on Ex

.
?

A : No !



Pf : Recall that

Uniform convergence ⇐> Uniform Cauchy .

To see this , by Cauchy 's criteria, we need

to show 7- to>0
,
Ink) →• , 1m¢)→ is and

↳ It [-Ti , -111
sit. IF "I×k_ I > {•

.n=Nk

Let E. =¥ Mik , Milk, ✗k=Ék

When n C- [ 1<+1 , 2kt = Ink-11 , MK1 ,

sinnxk-s.mn#-- c- [¥ ,
☐

.

Thus I imI→= £5m"¥
think-11 h=nktM

> É:i÷
= K . É = ¥ =Eo

.

By Landry 's criteria
, we

show that

É,imI- is not uniformly convergent on
[-4+1]

.

☐


